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Abstract. We consider the action of a real linear algebraic group G on a smooth, 
real affine algebraic variety M C R", and study the corresponding left regular G- 
representation on the Banach space Co(M) of continuous, complex valued functions 
on M vanishing at infinity. We show that the differential structure of this represen- 
tation is already completely characterized by the action of the Lie algebra g of G 
on the dense subspace V = C[M] • e~ T , where C[M] denotes the algebra of regular 
functions of M and r the distance function in R n . We prove that the elements of 
this subspace constitute analytic vectors of the considered G-representation, and, 
using this fact, we construct discrete reducing series in Co(-M). In case that G is 
reductive, K a maximal compact subgroup, V turns out to be a (g, A")-module in the 
sense of Harish-Chandra and Lcpowsky, and by taking suitable subquotients of V, 
respectively Co(M), one gets admissible (g, _R")-modules as well as X-finite Banach 
representations. 
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1. Introduction 

In the present article, we consider the regular action of a real linear algebraic group 
G C GL(n, K) on a smooth, real affine algebraic variety M C K™, and the corresponding 
continuous, left regular representation ir of G on the Banach space Co (M) of continuous, 
complex valued functions on M vanishing at infinity. Fix a compact subgroup K of G. 
In general representation theory, a crucial role is played by the space of differentiable, 
if -finite vectors. If E denotes a locally convex, complete, Hausdorff, topological vector 
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space, and a a continuous representation on E, it is defined as the algebraic sum 

e k = E oo r\E{\), 

where is the space of differentiable vectors in E for er, K the set of all equivalence 
classes of finite dimensional irreducible representations of K, and E(X) the isotypic K- 
submodule of E of type A € K. Ek is dense in E, and the study of a can be reduced 
to a great extent to the study of the module Ek- In case of the Banach representation 
(tt,Gq(M)), a more natural submodule associated with the algebraic structure of M 
arises. Let C[M] denote the ring of regular functions of M, r the distance function in 
M™, and consider the subspace 

V = C[M] ■ e~'' 2 c C (AO- 
It was introduced by Agricola and Friedrich in pQ, and they proved that it is dense in 
Co(M). Let 2 denote the Lie algebra of G, and U(fjc) the universal enveloping algebra 
of the complexification of g. In what follows, we will show that the differential structure 
of the representation ir is already completely determined by the action of g on P. We 
prove that V is contained in the space of analytic elements of Co(M), which allows 
us to derive 7r(G)-invariant decompositions of the Banach space Co(M) from algebraic 
decompositions of V into ci7r(il(j3c))-invariant subspaces. In particular, we obtain discrete 
reducing series in Co(M). In case that G is reductive, V turns out to be a (g, if )-modulc 
in the sense of Harish-Chandra and Lepowsky, and one has V = YlseK^ n Cq(M)(A). 
By taking suitable subquotients of V and Co(M), one gets admissible (g, if)-modules as 
well as if-finite Banach representations. 

2. Some general remarks on Banach representations 

Let us begin with some generalities concerning Banach representations. Thus, consider 
a weakly continuous representation 7r of a Lie group G on a Banach space B by linear 
bounded operators. According to a result of Yosida from the theory of (Co)-semigroups 
[TOj . 7T is also continuous with respect to the strong topology on B, so that both continuity 
concepts coincide. Such a representation is called a Banach representation. Similarly, 
the generators of the weakly, respectively strongly, continuous one-parameter groups of 
operators h i— > ir( e hx ) coincide, where h £ R, and X is an element of the Lie-algebra g 
of G. We will denote the corresponding generators by dir(X), which are given explicitly 
by 

ah | h=0 

for those ip £ B, for which the limit exists. These operators are closed and densely 
defined with respect to the weak and strong topology on B. Let oIq be left invariant 
Haar- measure on G, f S L 1 (G, da), and B* the dual of B. Then, for each tp G B, 
f{g)^{^{g)f) is dc-hrtegrable for arbitrary /i £ B*, and there exists a ip £ B such that 

mWO = / f (9)^(9)^)^0(9) 

Jg 

for all fi £ B*, i. e. f(g)Tr(g)ip is integrable in the sense of Pettis, see e. g. [5]- Here if) is 
given as a weak limit, and one defines as this limit the integral 

/ f(g)n(g)tpd G (g) = ip, 
Jg 
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in this way getting a linear operator 7r(/) : B — > B, ip i— ► f G f(g)ir(g)(p ddg)- Note 
that ||7r(/)|| < ||/|| L i. In case that / is L 1 -integrable and continuous, f{g)^{g)f is also 
integrable in the sense of Bochner, and ip given directly by the corresponding strongly 
convergent integral. Let 

^7r(/iVi : /ieCf(G), ^£8,1 = 1,2,3,...] 




be the Garding-subspace of B with respect to 7r, and Boo, s , respectively Boo,w, the sub- 
space of differentiable elements in B with respect to the strong, respectively weak, topol- 
ogy. Boo is norm-dense in B and, according to Langlands ..ft, the generators dTr(X) 
are already completely determined by their action on the Garding-subspace. Thus, if 
^x ly ...,x k denotes the graph of the generators di^{Xi), i — 1, . . . , k, and rx ll ... ) Xj,|B 00 its 
restriction to Boo, one has Txx,...,X k = ^x 1 ,...,x k \B tX3 - As an immediate consequence, the 
differential structure of the representation n is completely characterized by the action of 
the operators dir(X) on Boo- In particular, this implies that the strongly, respectively 
weakly, differentiable elements in B do coincide with those that are differentiable with 
respect to the one-parameter groups of operators h i— > ir(e hx ), the underlying topol- 
ogy being the strong, respectively weak, topology. Since, by Yosida, strong and weak 
generators coincide, one finally has 

d 

(1) Boo. s = n n T>{dK(oi) k ) = Boo, w , 

i=l k>l 

where ai, . . .a^ denotes a basis of g, compare e. g. \7\. On the other hand, by Dixmier 
and Malliavin Boo coincides with Boo, s , and therefore it follows that 

B — B — B 

Boo is invariant under the G-action 7r and the g-action dn, by which one gets represen- 
tations of G and g on Boo- The fact that £>oo iS = Boo.w can also be deduced from the 
following general argument going back to Grothendieck: If M is a non-compact C°°- 
manifold and E a locally convex, complete, Hausdorff, topological vector space, then 
/ : M — * E is a C°°-mapping with respect to the locally convex topology if and only if, 
for all /i G E* , the function fi(f(m)) on M is infinitely often differentiable, see [3], page 
484. 

Assume now that G is a real linear algebraic group. As a smooth, real, affine algebraic 
variety, G is a real analytic manifold, and hence a real analytic Lie group. Therefore, the 
exponential map is, locally, a real analytic homeomorphism. Taking a sufficiently small 
neighbourhood of zero in g, and assuming a decomposition of g of the form gi © • • • © g/, 
(Xi , . . . , Xi) i ► g e Xl . . . e Xl becomes an analytic homeomorphism of the aforementioned 
neighbourhood onto an open neighbourhood of g £ G. With the identification g ~ Mr, 
and with respect to a basis oi, . . . , dd of g, the canonical coordinates of second type of a 
point g G G are then given by 

(2) $ g :gU e 9 5 e tiai . . . e tdad ^ {h, . . . ,t d ) e W , 

where Wo denotes a sufficiently small neighbourhood of in K d , and U e = exp(Wo)- We 
will write for $ e simply $. Let ip G £>oo, so that 5 1— > ir(g)<p becomes a C°°-map from 
G to B with respect to the strong and weak topology of B. This is equivalent to the 
fact that, for all g G G, the map (ti, ■ ■ ■ ,ta) r n{'&~ g l (t))p is infinitely often strongly, 
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respectively weakly, differentiable on Wq. With regard to any of these topologies, we 
obtain for t £ Wo the relations 

d-K{ aj )K{$-\t))v = lim /T 1 [7r(e fco ' ) - l]^-\t))^ 

a h—>0 a 

(3) , d „ , 

I h = fc— 1 

here the s J k (h,t) are real analytic functions such that 

e ha.j g & tiai e t d a d _ e s{(h,t)ai e s 3 d (h,t)a d 

since e h ° j #e' iai . . . e tdCld E $~ 1 (Wo) for small ft. In a similar way, we have 

(4) ^(t))dn( aj ^ = J2 ■^(?(*9 1 ®)<p) ^ri(0,t), 

fc=i 

with real analytic functions r k (h,t) satisfying the relations 

ge tlCl1 e tda d e haj _g e rl(h,t)ai e r 3 d (h,t)a d 

Clearly, s k (0, t) = rj,(0, t) — tk, and s k (h, 0) = r k (h, 0) = Skjh for g = e. Finally, we also 
note that 

±-(„(Z^(t))<p) = limft- 1 7 r($ s - 1 (t))[ 7 r($ e - 1 (^(ft,i))) - l]<p 

(5) ^ d 

fe=i 

where the t k (h,t) are real analytic functions in ft and £, and satisfy the relations 

e ~t d a d g-*j + l a j + l gfrij g*3 + l Q 3 + l gtdad _ e *](/i,t)ai e t d (h,t)a d 

One has fj.(0,i) = 0, t 3 k (h,0) = Skjh, so that, in particular, 

d 
dt k 



{A®g 1 (t))v)\ = ir(g)dir(a k )<p. 



3. The regular representation (tt, C (M)) of a real algebraic group G 

ACTING ON A SMOOTH, REAL AFFINE VARIETY M 

We come now to the proper subject of this paper. Let M be a smooth, real affine 
algebraic variety and G a real linear algebraic group, which acts regularly on M. In what 
follows, we will view G as a closed subgroup of GL(n, R), and M as embedded in M™. 
Denote by Co(M) the vector space of all continuous, complex valued functions on M 
which vanish at infinity; provided with the supremum norm, Co(M) becomes a Banach 
space. According to the Riesz representation theorem for locally compact, Hausdorff, 
topological vector spaces, its dual is given by the Banach space of all regular, complex 
measures \x : 03 — > C on M with norm |/x|(M). Here 23 denotes the cr-algebra of all 
Borcl sets of M, the variation of /j, and one has Co(M) C The G-action on 

M induces a representation 7r of G on Co(M) by bounded linear operators according to 

ir(g) : C (M) -> C (M), (7r( 5 )^)(m) = ^s^m), 

where <? G G. Henceforth, this representation will be called the Ze/t regular representation 
of G on Co(M). It is continuous with respect to the weak topology on Cq(M), which is 
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characterized by the family of seminorms = sup^ £ Co(M)*, I > 1. 

Indeed, by the theorem of Lebesgue on bounded convergence, one immediately deduces 

lim n(w(g)(p) = lim / (p(g m)d/j,(m) = / (p(m)dfj.(m) = /J,(f) 

g^e g^ej J 

for all ip £ Co(M) and complex measures /J,, as well as fx o w(g) £ Co(M)* for all jeG. 
Hence, by the considerations of the previous section, tt is a Banach representation of G. 

3.1. The Gaussian measure on affine varieties and the g-module V = C[M] ■ 
e~ r . In the following, let C[M] be the ring of all functions that arise by restriction of 
polynomials in R™ to M and denote by V the subspace 

V = C[M}-e- r \ 

where r 2 (m) = m\ + • ■ ■ + m 2 n — m 2 is the square of the distance of a point m £ M to 
the origin in R™ with respect to the coordinates mi, . . . , m n . According to Agricola and 
Friedrich pQ, V is norm-dense in Co(M). Although V is not invariant under the G-action 
7r, the next proposition shows that V is a G?7r(.U(gc))-invariant subspace of Co(M)oo. As 
will be shown later, the elements in V are even analytic. 

Proposition 1. V is a g-submodule ofG^M)^. 

Proof. As already explained, we can view Cq(M) as endowed with the weak topology. 
Let ai, . . . , a,j be a basis of g, p £ C[M] a polynomial on M, and ip — p ■ e~ r an element 
of V C Co(M). One computes 

(6) J-^e-^m)), =/(grad^)(m),^(e-^m)| V 



as well as 

(grad<^)(m) = ((gradp)(m) — 2p(m)m)e~ m . 

By assumption, G C GL(n,R) and g C M„(M) act on M C R 71 by matrices, and we 
obtain 

— (e~ ha *m), = Mmh~ 1 'S^- — m = — aum. 
d/i V / o ^ fc! J 

U=o fc=l 

Hence, if Oj denotes the vector field (dj) m — djiri on M, one has —djip = d/dh ip( e~ haj -)|/i=o 
ePc Co(M). For arbitrary /z € Co(-M)*, we therefore get, according to Lebesgue, 

lim /i-V([7r(e' laj ) _ i]^) = j \[ m /j" 1 [^(e^' m) - <p(m)) dfi(m) = -fJ,(aj<p). 

ft— >0 J M h^O 

Hence tp £ T>(dir(aj)) for all j = l,...,d, and dn(aj)(p = —djip. Since djip £ V, the 
assertion now follows with Q ■ D 

As a consequence, the relations ©~© hold for <p £ V 1 also. 

3.2. An approximation argument. Let ai,...,a<j be a basis of g as above. In the 
following we will denote the generators dir(ai) by Ai. We set 

r oi ,...,« d |7' = {(V.^IV, ■ ■ - 4j¥>) e C (M) x ... x C (M) : y> e 7>} . 
As already noted, V is not 7r(G)-invariant in general, so that, for <p £ V, it is not true that 
(•K(g)tp, Ax~K{g)<p, . • • , AdTr(g)(p) is contained in r aij _ j0 j.p. Nevertheless, it will be shown 
in the following that the last assertion is correct, if instead of T ai ad |p one considers its 
closure r ai ad \-p m Gq(M) x • • • x Cq(M) with respect to the strong product topology, 
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and g is taken in a sufficiently small neighbourhood of the unit. To start with, we will 
need the following lemma. 

Lemma 1. Let g > and k G K*. Then, for I — > oo, 



£ 

fc=0 



2\fc 



(kx 2 ) 
fc! 



converges uniformly on 1", provided q/\k\ > 2. 
Proof. By the comparison criterium for series, one has 



(-1 

£ 

fc=0 



(^T < (l«l^)' jK|x 



thus obtaining 



sup 



2 n fc 



(kx 2 ) 



fc=0 



fc! 



< sup (^^(W-d. 



Assume q/\k\ > 1, so that A = q/\k\ — 1 > 0. The supremum on the right hand side of 
the last inequality, denoted in the following by £;,A) can be computed as 



(7) 



' l *- Xy = hl/\) l e- 1 . 



S;,a = 77 sup y'e 



By the Stirling formula, l\ is asymptotically given by \fl l l e 1 , so that, in case A > 1, 
one deduces £;,,\ — ► for Z — ► oo, and hence the assertion. □ 

Now, we are able to proof the announced result. For this sake, let us define the set 
= {(<p, Aw, . . . , Ad<p) G C (M) x ■ ■ • x C (M) : y> G 7r(g)P, g G U} , 
where {/ denotes a neighbourhood of e G G. 

Proposition 2. Lef U be a sufficiently small neighbourhood of the unit in G, tp G 
V , g E U . Then there exists a series p 9 k e V such that \\Tv(g)ip — <p^\\ — > 0, and 
||.Aj7r((7)<£ — -Aj<^|| — > /or aZi j = 1, . . . , d. In other words, 



Lai,...,a d \-K(U)V C L ai ,...,a d \V- 

Proof. Let tp = p- e~ r G T 3 , and define on the subspace V the linear operators 



(8) 



i=o 



J 



o G G, 



where g(g)p(m) = p(g^ 1 m) denotes the left regular representation of G on C[M]. Note 
that V is left invariant under the operators (jBJ, which, in general, can not be extended 
to continuous operators on Co(M). We set tpf, = itk{g)tp, and compute 

fc-i 



^fe-ill = su p {e{g)p){m) 



< sup 



(g(g)p)(m)e 



-m 2 /2 



sup 



e -m 2 /2(V 



3=0 J ' 



fc— 1 

hm 2 -(g-im)y 



j=0 
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Writing gij for the matrix entries of an arbitrary element g € G, one computes 
(gm) 2 = (311TO1 H h.gi„m„) 2 H h (g n imi H h g ml m n ) 2 



E2 2 
9kt m i 



k,i=l 



n n 

2 2J E fffei fffcj 
fc=l i<j 



< Y & m * + Y 9li m2 i 



i^k 



Y Y 5 fel 9kj (mf 
fe=l i<j 



2 i 2\ 



< (max g\ + max ^ + max | g ki g kj \)m 2 ; 

i k^i K\t<.3 



in particular, 



\(gm) 2 -m 2 \ < ( max \g 2 u - 1| + max 5^ + max \g kl g kj |) m 2 . 

Setting = maxj \g 2 { — 1| + maxt^i 5^ + maxfc ; j<j |<7fct5jy|, we therefore obtain the 
estimate 



(9) 



m 2 -{g 1 m) 2 



k — l 1 00 1 00 1 



3=0 



j>k ■ 



j>k ■ 



so that, with C = sup 



meM 



(g(g)p)(m)e- m2 / 2 \ 



h(g)<p-<fi-i\\<c sup 

mgM 



e -m 2 /2 ^ e K g m 



j=0 ' 



Assume that £/ is a sufficiently small neighbourhood of the unit in G such that n g < 1/4 
for all g E U. Then, by Lemma El \\ir(g)ip — (pi 1 || — > goes to zero as k — > 00, for 
arbitrary g *E U. It remains to show that, for j = 1, . . . , d, \\Ajir(g)(p — AjipiA goes to 
zero as k goes to infinity. Now, since Ajip = —dj(p = dj dfnp(e~ haj -)\ h=0 , one has 

\\A^{g) v - A^l^W = sup|— (7r( 5 )(^)(e-^ m) ]h=0 - J^tt^ (<?)¥>) (e"^ m)| 



< sup 



-(7r( ff )^)(e-^ m) 



J=0 ' 



sup 

meM 



(v{g)y){m)±(a-^Y^jM h )) 
3=0 J ' 



where we set q(h) = (e ha i m) 2 — (g 1 e ha i m) 2 . The first summand on the right hand 
side converges to zero for k — > 00 since, as a consequence of (0 , and 



_( 7r (0) ¥ >)(e-' My m)| = - ((gradpX^m) - 2p(<T 1 m) g-^g^ajm) e^ 1 ^ 



it can be estimated by 



C" sup 

M 



'/2 



{^ m2 -Y^ m2 > 



3=0 ■ 
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with C' = sup meM ((gradp)(g 1 m) — 2p(g 1 m)g 1 m,g 1 a,jm)e m / 2 , and a repea- 
ted application of Lemma ^ yields the assertion. In order to estimate the second sum- 
mand, we note that 

■i ( e - 9(h) E ^ (i( h )y ) =^{^ q E V) *(°) 

dh\ ~^^ ! ' \h=0 dq\ T? Q j\ ' \q=m a -(g- 1 m) 3 

= _ e ( 9 -^^_±_ {m 2 _ {g -l m ff-l m 

Here q(0) denotes the polynomial in m which is explicitly given by q(0) = — 2((m, a 3 m) — 
(g~ 1 m,g~ 1 ajm)]). We get for the second summand the upper bound 

(«-l)!meAf 

where C" = sup meM \(g{g)p)(m)q{Q)e~™' '/ 2 \ , and A = 1/2k s ; £fc-i,A was defined in Q. 
By repeating the arguments given in the proof of Lemma ^ it follows that, for g E U, U 
as above, the second summand also converges to zero for k — > oo. We get 

\\M*(9)<p-<rt-i)\\-> 

for k — > oo, g € U , and j = 1, . . . , d. This proves the proposition. □ 

Remark 1. Proposition [3 implies that, for g G G in a sufficiently small neighbourhood 
[7 of e, n(g)tf has an expansion as an absolutely convergent series in Cq(M) given by 



oc 



(10) n(g)v = J2 Q(9)P (r 2 - 3 {g)r 2 ) 1 /l\ ■ e~ r , 

1=0 

where g is the left regular representation of G on C[M]. Indeed, it follows from the proof 
of Lemma ^ that 

(r 2 - Q ( g yy _ 



Q{g)p- 



< -f sup|p( ff - 1 (m))e~ m /2 | -sup|m 2 'e- m /2 | 
= ?JLC ■ supe^Y = ^C(2lfe- 1 « (2« ff ) , C'4=, 



where we set C = sup M 1 (m))e m / 2 |. For the definition of k s , see the proof of 
Proposition [3 

3.3. A dense graph theorem for the generators dir(X). We are now in position to 
show that the generators dn(X) are already completely determined by their restriction 
to the subspace V = C[M] ■ e~ r . A similar dense graph theorem involving the Garding- 
subspace was conjectured originally by Hille within the theory of strongly continuous 
semigroups and afterwards proved by Langlands in his doctoral thesis (Sj. Our 
proof follows essentially the one of Langlands, which, nevertheless, makes use of the 
G-invariance of the Garding-subspace. The fact that V is not 7r(G)-invariant will be 
overcome by means of theapproximation argument exhibited in the previous section. 

Theorem 1. Let X\, . . . ,X k G g, and denote by Txx,...,x k the graph of the generators 
dw(Xi), . . . , dTr(Xk), i. e. the set 

k 

{(<p,dn(X 1 )<p,...,d7r{X k ) V ) G C (M) x ••• x Co(M) :^G f| P(dvr(X 4 ))}. 
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Write Tx 1 ,...,x k \- P for its restriction to V x • • • x V . Then, with respect to the strong 
product topology on Cq(M) x • • • x Cq(M), 

Fxi,...,X h = ^X-L,...,X k yp- 
In particular, T au „^ ad = r oii ... i0(1 |p. 

Proof. We assume in the following that {a q , . . . , a^} represents a maximal linear inde- 
pendent subset of {Xi, . . . , Xk}- It suffices to verify the assertion for this set, then. Let 
(ip, ipg, . . . , ipd) G ^a q ,...,ad\-p- There exists a series of functions ip n <G V such that 

(ip n ,A q ip n , . . . , A d lf n ) -> (tp, lp q , . . . , 1p d ) 

with respect to the strong topology in Cq(M) x ■ ■ • x Co(M). We obtain ipi = Aitp 
for all % = q, . . . , d, the Ai being norm-closed, and, thus, (tp,ip q , . . . , ipd) G ^a q ,...,a d ■ To 
prove the converse inclusion T aq> ... tCld C ^a q ,...,aiij,) we consider local regularizations of ir. 
Consider the canonical coordinates of second type <& : U e — > Wq introduced in J5J , and let 
Q e = [0, e] x • • • x [0, e] be a cube in W of length e. If dt stands for Lebesgue-measure on 
M. d and XQ e f° r the characteristic function of Q E , then, by the weak continuity of the G- 
representation n, the map XQ e W t(<I> - (t))tp is weakly measurable with respect to dt for 
(p G Co(M), as well as separable- valued, and therefore, by Pettis, strongly measurable, 
see e. g. 0. Because of 

/ IItt^wHI df = |M| • e d , 

it follows that XQ e (*) 7r ( < J )_1 (^)) < P i s Bochner-integrable, and we define on Cq(M) the 
linear bounded operators ^(xQsJv — /q 7r($~ 1 (t))93(it, in accordance with the regular- 
izations 7r(/) of 7r already introduced. Clearly, ||e~ d 7r(x<3 e — ¥> ^ for e — ► and 
arbitrary <^ G Cq(M), since, as a consequence of the bounded convergence theorem of 
Lebesgue for Bochner integrals, 

s-lim e ^o £~Mxq e )<P = s-lim t -^ / (et))tp dt = tp. 

JQi 

Let ip G Co(M)oo. From equation @ one deduces that xq c (t)Ajir{&~ 1 (t))<p is Bochner 
integrable, so that using Lebesgue, and integrating by parts, we obtain 

S -lim h ^ h- 1 (Tr(e ha i) - l)ir(xQ.)<P = s-lim^o h' 1 [ (%(e ha *) - 1)%(^~ X (t))tp dt 
= [ A^- l (t)) 9 dt = Y, I -^-U^~ X (t))^)dkj(t)dt 



d 

=£ 

fc=i 

d 

£ 

k=l 



dkjit)^- 1 ^ 



(t!,...,0,...,t d ) 



dti A . . A did 



where j = 1, . . . , d, and dkj(t) = -^s^ifd, t). The symbol " indicates that integration over 
the variable tk is suppressed. As a consequence, Tr(XQ e )<P G T>(Ai) for all </? G Co(M)oo. 
Let us denote the difference on the right hand side of the last equality by Fj (ip) . It is 
defined for arbitrary ip G Cq(M), and continuous in tp with respect to the strong topology 
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in Co(M). Since Cq(M) oc is dense, and tt(xq s ) is bounded, we obtain, by the closedness 
of the A{, that 7t(xq s )<£ € 2? (A4) f° r arbitrary 95 <E Cq(M), and 



(11) 



for all y> e Co(Af). Assume now that <p € f^ i=g d T>(Ai). Then s-lim e ^o £ d " K {XQe) < P = 
and we show that, similarly, 

s-lim e ^o £~ d Ajir(xQ J(f = Aj<p 

for all j = q, . . . , d. Writing dkj(t) = Skj + J2\ a \>i c a^ a with complex coefficients c^ J , we 
obtain with (| 1 1 p . by substitution of variables, 

d 



fc=l 
d 



(ti,...,l, ...,t d )e 

I 

(ti,...,0,...,t (J )e 



dtiA ."..A dtd 



+£/. E^^H^wH 

+ E e_1 / (^■(0)e7r($- 1 (eti,...,e,...et (1 ))^-0)dti A.?. A dt fl 
fc=i fc 



(ti,...,l,...,t d )e 



(tl,...,0,...,t d )£ 



dti A . ? . A did 



fe=l 

d 

E 

fe=i 



+E £_1 A E ^m*- 1 ®)? 



|a|>2 

ddkj 
dt k 



(ti,...,l,...,t d )e 

( 

(ti,...,0,.»,td)e 



dii A . ? . A 



(et)7r($" 1 (et))^dt. 



As e goes to zero, the second and fourth summand on the right hand vanish, while the 
third and fifth cancel each other. Hence, only the first summand 

e- 1 [ tt( e etiai ) • • • [vr( e ea ^ ) - 1] • • • tt( e etdCld )<p db\ A .*. . A dt d 



remains. In the following, we prove that 

s-lim e ^o £~M e £tlQ1 ) • • • [tt( e £a > ) - 1] • • • tt( e etdQd )p = 

for all j =<?,... , d. For j = d, the assertion is clear. Let, therefore, j be equal d — 1. 
Then, 

e- 1 [7r(e e,w - 1 )-l]7r(e £tdad )p = £- 1 [7r( e 60 ^ 1 )-l](^+[7r(e £Qd - 1 )-l]e- 1 [ 7 r( e £tdad )-%• 

Now, since e _1 [tt( e etdad ) — l]<p converges strongly to td^-d^, and ||e _1 [7r( e £tda<i ) — l]y|| 
to pd^4dip||, in particular remaining bounded for e — > 0, we obtain 

H^e 6 ^- 1 ) - l]e- 1 [ 7 r(e £t ' ia ' 1 ) - %|| -> 0, 

and hence the assertion for j = d — 1. By iteration we get, for arbitrary j — q, . . . , d, 

eT 1 [tt( e ea > ) - 1]tt( e £t '+ 10 > +1 ) • • • tt( e £tdQd )<p 



tt( e £a ^' ) - 1 



d i-1 



^+[7r(e^)-l] E ( II 

m—j-\-l 



ir(e £Ua * ) - 1 



-if, 
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and a repetition of the arguments above finally yields the desired statement for j = 
q, . . . ,d. Taking all together, we conclude for ip S [\— q ~D(Ai) that 

(12) e^ d (Tr( X Q c )'P,A q Tr{XQ e ) l P, ■ ■ ■ , A d n(xQ e )<p) -> (<P,A q tp, . . .,A d <p) 

as e — > with respect to the strong product topology in Cq(M) x • • • x Cq(M). Now, for 

<P G Co(M)oo, 

MXQ e )<P, ^gl"(XQ e )<P> • • • > AMXQe )v) 

(13) = / (n(<S>- 1 (t))v,A q Tr(<t>- 1 (t)) lf ,...,A d n(®- 1 (t))v)dt. 

If e is sufficiently small, and ip £ V, then, by Proposition [2 

(7r($- x (t))p, ^tt^- 1 ^))^, . . . , Adir^- 1 ®)?) € r a 0d |7,, <£ Q e , 

so that the integral (jl3|) also lies in T ttd - Since P is dense, it follows with Ijllfl . Fj 
being continuous, that 

0(XQ e )<P, Aq-rrixQe )<P, • • • > AMxq, )<?) G r a? ,..., ad |^ 
for arbitrary £ Cq(M) and sufficiently small e. With (|12[) we finally obtain (ip, A q (p, . . . , 
A d v3) G r agi ... i0<J |-p for ^ e DiL? 15 ^)- Tnis P roves tne theorem. □ 

4. Analytic elements of (tt, C (M)) 

Let 7r be a continuous representation of a Lie group G on a Banach space B, and 
denote by i3 w the space of all analytic elements in B, i. e. the space of all ip £ B for 
which g i— » Tr(g)(p is an analytic map from G to S. i3 w is invariant under the G-action tt 
and the action dm of g, norm-dense in B, and one has the inclusion B^ C i3oo- Analytic 
elements of Banach representations were first studied by Harish-Chandra in 0], and their 
importance is due to the fact that the closure of every <i7r(U(gc))-i n variant subspace 
of Baj constitutes a 7r(G)-invariant subspace of B. In addition note that every closed, 
7r(G)-invariant subspace is also 7r(G c (G))-invariant, where G C (G) denotes the space of 
continuous, complex valued functions on G with compact support. Assume now that G 
is a real linear algebraic group acting regularly on a smooth, real affine variety M, and 
consider the left regular representation of G on Cq{M) as introduced in the previous 
section. The following theorem states that the elements of V — C[M] ■ e~ r are contained 
in Co(M) w , and is a consequence of the approximation argument given in Section 13.21 

Theorem 2. The elements of the Q-module V — C[M] • e~ r are analytic vectors of the 
left regular representation tt of G on Co(-M). 

Proof. Let ip = p ■ e~ r £ V . Since g \— > h~ g is an analytic isomorphism for arbitrary 
h £ G, it suffices to show that g i— > Tt(g)<p is analytic in a neighbourhood of the unit 
element, see e. g. 0|. According to (flUjl . 7r(g)ip is given by the series 

oo 

^=J2e(9)p(r 2 -Q(gyy/n-e- r2 , 

1=0 

which converges absolutely in Cq(M) provided that g £ G is contained in a sufficiently 
small neighbourhood U of e. Since G acts regularly on the affine variety M, (g, m) i— > gm 
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is an analytic map from G x M to M, and therefore (g,m) i— ► (g(g)p)(Tn) an analytic 
function, being also polynomial in m. Thus, 

(14) (g(g) P )(m) = pig-'m) = E caXGtW, 

A,/3 

with constants ca/3 and multiindices A,/?, where # A (c/) = ^"(5) • • • 6m"(g), an d m/3 = 
to^ 1 . . . m^ n , the sum being finite. The coefficient functions Oij(g) = gij, as well as their 
powers, are real analytic. In a neighbourhood of the unit element, they are given by the 
absolute convergent Cauchy product series 

00 00 

(15) e\ 9 ) = E b^(g) = E ^ u .^ d eT(g)...ef( g ), 

|t|>0 Ti,---i7<i>0 

where the 61, ... are supposed to be coordinates near e with 0j(e) = 0. By rearrang- 
ing the sums we obtain 

00 

(g(g)p)(m) = E ^(m)©^" 1 ), 

|7|>0 

where we put p 7 (m) = ^ A ^ CA/sb^m^ . In a similar way, (g, m) (r 2 — g(g)r 2 ) l (m) is a 
real analytic function onGxM which is a polynomial expression in to. The coefficient 
functions have an expansion of the form 9ij{g) = 5ij + X^|>i ^7 © 7 (.9)j an d we put 
(5) = EfJ|>i b^Q^(g). In this way we get 

n n n n 

to 2 - ( ff -V) 2 = £(1 - Olig-^m* - E^(<rV? - 2j2J2°ki(9- 1 W kj (g- 1 )m i m j 

i—1 i^-j k—1 i<j 

n n n n 

= - E 1 fiA9~ 1 )m 2 i -2^2r) ij (g- 1 )m i m j - 2j2J2 r lk*(3~ 1 )Vk 3 (g~ 1 )m i m 3 , 

i,j=l ijij k=l i<j 

thus obtaining 

(16) (m'-ig-'mf) 1 = E d^VV, 

1<\A\<21,\{)\=21 

where the d l A/3 are real numbers, and the rj h {g) are given by the Cauchy product series 

00 

(17) y A (g)= £ b£e*(g). 

\6\>\A\ 

As a consequence, we can represent (to 2 — ((g~ 1 m) 2 ) near the unit as an infinite sum 
in the variables ©i(g -1 ), . . . , Qd(g~ 1 ) in which only summands of order > I do appear. 
Explicitly, one has 

oc 
\8\>l 

with q\{m) = Ei<|A|<min(2Z,|«|),|/3|=2Z d^pbs m p . For |<5| < I one has gj = 0. By choosing 
U sufficiently small, we may assume that the coordinates ©i, . . . , 0<j are defined on U. 
In the sequel, we shall show that, on U, n(g)<p has the expansion 

00 |7+<5| 

(18) *(g)<p = E ^(E^!)'^ 207 ^ 1 )- 

|7|,I<5|>0 1=0 



ANALYSIS ON REAL AFFINE G-VARIETIES 



13 



For this sake, we first compute 

oc oc 

J2\Qs(m)e s ( g - x )\< Yl \ d U{ E ItfeV 1 )!)^^*,™ 2 . 

|5|>1 1<|A|<2,|/3|=2 H>|A| 

where K g is a constant which depends only on g and goes to zero for g — > e. But 

then, because of q\{m) = YlsW-i (-4(0=4 ( m ) ' ' ' Igm ( TO )' eacn summand of the series 

appearing in (|18l) can be estimated according to 



|7+<5| 



p 1 ■ 



sup 

M 



|7+<S| 



pyWe'r 1 ) ( E E «*« Me 5( • • • q] W (m)e 51 (ff-^/Zlje- 



< sup 

M 



\p 7 (m)Q->(g- 1 )\ Y,(K g m 2 ) l /lle- m2 ] < ( ]T Ica^G^ 1 )! sup (m^e 



1=0 



./3--mV2 



A,/3 



|7+<5| 



|7+«I 



• ( £ 4/7!su P |m 2 ' e - 2 / 2 |) < (E^l^ 07 (5- 1 )l)( E ^(20^-7*: 

z=o M A 1=0 

where we put Ca = J2p l c A,/3| sup M |m^e~ m2 / 2 |, and made use of J7J. The sum over A 
appearing in the last line is a finite linear combination of summands of the convergent 
series 5Zj^|> l^7© 7 (5 _1 )h the summands of the series over I behave as (2K g ) 1 /\l for 
big I. Since K g < 1/2 for sufficiently small U, we deduce that the sum in (|18|) converges 
absolutely, by the comparison criterium and the convergence of the geometric series. 
Therefore, by Riemann's theorem on the rearrangement of terms of absolutely convergent 
series, we can write this sum also in the form 

;=0 |7|,|(5|>0 

Now, by taking into account equations (|14|) - (|17|l . and the definition of the polynomials 
P-yt Qsi one deduces that 

\\q(3)P (r 2 - g(g)r 2 ) 1 ■ e'^ - £ p, q\ ■ Q' y+S (g^ 1 ) 

0<|7M<S|<A 

<sup| £ c K0 d l K> ^' e- m \e\g-^' {g^) - £ b^'Q^ s {g^)) 

M A,/3,A'/3' 0<\l\,\5\<N 



goes to zero as N — ► 00, and we obtain 

00 

Q(9)p 2 (r 2 - Q (g)r 2 ) 1 ■ = £ Pj q l s ■ e^V+V 1 ); 

|7|,|5|>0 

using equation (fTTTf> we get lfT%)l . Thus, for tp £ V, ir(g)<p is analytic in a neighbourhood 
of the origin, as contended. □ 
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5. SUBQUOTIENTS AND REDUCING SERIES OF V AND Gq(M) 

Assume that G is a real reductive group as defined in |Hj • Let if be a maximal compact 
subgroup of G with Lie- Algebra 6, and 

s = e©p 

the corresponding Cartan decomposition of g. If it is a continuous representation of 
G on a Banach space £>, its restriction to K defines a continuous representation of K 
on B. Denote by K the set of all equivalence classes of finite dimensional irreducible 
representations of K. For each A € K, let be the character of A, d(X) the degree of A, 
and xx = d(X)£\. We define 

P(A) = tt(xa) = d(A) / Zx(k)Tr(k)dk, 

J K 

dk normalized Haar measure on K. P(X) is a continuous projection of B onto 23(A) = 
P{\)B. Note that i3(A) is the isotypic Jf-submodule of B of type A, i. e. it consists of all 
vectors, the linear span of whose if-orbit is finite dimensional, and splits into irreducible 
JC-submodules of type A, see [5]. 

Let us resume the study of the left regular representation (jr, Cq(M)), as introduced 
in section of a real linear algebraic group G acting regularly on a smooth, real affine 
algebraic variety M, and of the g-module V . From now on, we will assume that G is stable 
under transpose, so that G is real reductive in the sense specified above. Note that R n 
is endowed with a if-invariant scalar product in a natural way. By choosing appropriate 
coordinates, we can therefore assume that the distance function r 2 is invariant under the 
action of K . As in the previous sections, let g be the left regular representation of G 
on C[M]. It is locally regular, so that V is contained in the subspace of differentiable, 
if-finite vectors of (tt, Cq(M)). 

Lemma 2. V = C[M] ■ e~ r is a (g, K)-module in the sense of Harish- Chandra and 
Lepowsky. 

Proof. Plainly, V is %(K)- and d7r(g) -invariant. Now, for general (p € Co(M) oc , leg, 
and g € G we have 

■K{g)dTt{X)Lp = lim ^ 1 7r(.g)[7r(c' lX ) - l]<p 

(19) 

= lim h- 1 [tt( e Ad ^ hx ) - l]w(g)(p = d7r(Ad {g)X)ir{g)ip. 

Let ip € V, E v = Span {n(K) if}. Since (g, C[M]) is locally regular, E v is a finite 
dimensional subspace of V. Thus, is a (g, if)-module in the sense of Harish-Chandra 
and Lepowsky, see e. g. [SJ. □ 



Lemma 3. Let V(X) = V n G (M )(A). Then V = J2\eK V ( X )' and V(X) = C (M)(X). 

Proof. Since the linear span of the if-orbit n(K)[p ■ e~ r ] of an arbitrary element in V 
is finite dimensional, we obtain the first assertion. The second assertion follows with 
Proposition 4.4.3.4. of 0. □ 

In what follows, we will call V also the underlying (g, K)-module ofCo(M). Note that 
in general Hilbert representation theory, this role is occupied by the space of differen- 
tiable, if-finite vectors. V (A) is the A-isotypic component for K of V . 
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Remark 2. The fact that the sum Xaeif ^ ^ Co(M)(A) is dense in Co(M) can also be 
seen by the following general argument. Fix G Co(M), and £ > 0. Since P is dense, 
there exists a polynomial p = c a m a G C[M] such that ||y — p ■ e~ r \\ < e/2. For any 
finite subset i* 1 in AT we define \f = J2\£F XX- As a consequence of the AT-invariance of 
r 2 , we have 

(P(X)p-e- r2 )(m) = [ x\(k)p(k- 1 m)dk-e- r2 = V c Q / x A (fc)(fc _1 m) Q dfc • e^ 2 , 

so that P(X)p ■ e~ r2 e Pfl Co(M)(A). Now, according to a theorem of Harish-Chandra, 

for any differentiable vector ip G Co(M) oot the Fourier series Y^xeic conver g es 

absolutely to ip, see Theorem 4.4.2.1 in [5]. For this reason, we can choose F in such a 

way that ||(7t(xf) — l)p • e _r || < e/2. Hence, 

ii — 2 ii ii _ 2 m ii _ 2 m 

\\k(xf)P- e r -<P\\< \\(k(Xf) - e r || + \\f~p- e r || < e. 

Since for any F, 7t(xf)p ■ e~ r2 G Sagk ^ n Co(M)(A), we obtain the desired assertion. 

Remark 3. Let T be a maximal torus of K. The equivalence classes of finite dimensional 
irreducible representations of K are in one-to-one correspondence with dominant integral 
and T-integral forms /i on the complexification tc of the Lie-Algebra of T. Let A M be 
the class corresponding to /i, and (ir^, V M ) a representative in A M . Denote by M(A) the 
Verma module of weight A G t c , and L(A) the unique, non zero irreducible subquotient 
of M(A), see e. g. Then the differential of 7r M is equivalent to the tc-module L{n). On 
the other hand, every finite dimensional simple tc-module has a highest weight A, and is 
equivalent to L(A). Thus, every A^-isotypic component for K is an isotypic component 
for tc of type and we get V — Y^ K ei ^ >re ' wnere denotes the set of all equivalence 

classes of finite dimensional simple tc-modules. Hence V is a Harish-Chandra module 
for 0c in the sense of 0- 

As already noted at the beginning of the previous section, Theorem allows us to 
derive 7r(G)-invariant decompositions of Cq(M) from algebraic decompositions of V into 
rf7r(il(rjc))-invariant subspaces. To begin with, note that the representation dir of g on 
V is equivalent to a representation dir' of g on C[M] given by 

(20) dir'(X) = dg{X) - [dg(X)r 2 ], leg. 

Define now in V the subspaces 

W p = dn(li( Sc )) Span [n(K)p • e^ 2 } , p G C[M]. 

Lemma 4. Wp is a (g, A") -module in the sense of Harish-Chandra and Lepowsky. 

Proof. Similar to the proof of Lemma El Q 

Let Wp(X) be the A-isotypic component for K of W p . Although, in general, dim W P (X) = 
oo, so that W p is not an admissible (g, A)-module, any subquotient of W p turns out to 
be admissible. 

Proposition 3. The subquotients W p /W,i n /(x)p are admissible (g, K) -modules for any 
pGC[M] and X G il(flc)- 

Proof. It suffices to consider the case M = M. n , so that one has the grading C[R™] = 
0,> o C l [R n ] by the polynomial degree. Let p G C[M], X £ H(g c ). Since dn(X)p-e~ r2 = 
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[dn'{X)p] ■ e r , one has Wdir>(x) P C W p by (|19(l . Denote by Z the complement of 
WWpr)p(A) in W p (A). Since, for 7 e 5, ck'(Y) : C Z [R"] -> C'[M n ] C i+2 [M n ], one 
deduces Wp(A)/W d7r /( X )p(A) ~ Z c 0fr o 2 C'pfT] -e^ 2 , where & is the degree of dw'(X)p. 
Thus, for arbitrary A 6 AT, (W p /T / l / dw /(jf)p)(A) ~ W / P (A)/W c j 7r '(x) p (A) is finite dimensional, 
and the assertion follows. □ 

By definition, W p C Co(M) u is invariant under it(gc), so that its closure W p consti- 
tutes a G-invariant subspace. Therefore, by restricting tt to W p , we obtain a Banach 
representation of G on W p . Let us introduce now some terminology from general repre- 
sentation theory. 

Definition 1. Let n be a Banach representation of a Lie group G on a Banach space B. 
Then by a reducing series for n we shall mean such a series for the integrated form of 
7T, i. e. a nested family 25 of closed tt(C c (G))- stable subspaces of B such that {0} and B 
belong to 25, and with the property that if $1 C 25, then H^esi -A and U^tea^ ^ e * n 
A Jordan-Holdcr-scrics for tt is a maximal reducing series for tt. 

Let 05 be a reducing series for tt. Two subspaces B\,Bi € 25 with B\ C B2 are said 
to be adjacent if there is no B in 25 such that B\ C B C B2, where the inclusions are 
understood to be strict. 

Definition 2. Let tt be a Banach representation of G on B. Then a reducing series 25 
for tt is said to be discrete if, whenever B\,Bi € 25 and B\ C B2, there are subspaces 
B\ , B2 in 25 with B\ c B\ C B2 C #2 swc/i i/ia£ Si and £>2 are adjacent in 25 . 

Now, as a consequence of Theorem |2 we have the following proposition. Note that a 
similar statement also holds in case that G is not reductive. 

Proposition 4. Let p e C[M] and 25 = W dir /(.x>> W d7V >(YX) P , W dn >( Z YX) P , ■ ■ ■}, 

where X, Y, Z, . . . are arbitrary elements in q. Then 25 is a discrete reducing series for 

Proof. To avoid undue notation, let as denote the elements of 25 by Bi, B2, ■ ■ ■ ■ By 
construction and Thcorem|21 the elements of 25 arc closed, 7r(G c (G))-invariant subspaces 
of Bi, and we have the inclusions B\ D B2 D B3 D . . . . Further, for 21 C 25, f] B esi Bi 

and Ue-ea^ ^ e m ® - Thus 25 is a reducing series. Finally, by noting that every two 
Bi,Bi+i are adjacent, we obtain the desired result. □ 

Lemma 5. Let W p {\) = W p n C (M)(A). Then W p = £ Ae #W p (A) and W pW = 

Proof. Similar to the proof of Lemma [3J □ 

Lemma 6. Let 25 = {B\, $2, . . .} be a reducing series for (jt, W p ) as in Proposition 
Then the subquotients Bi/Bj, i < j, are K -finite Banach representations of G. 

Proof. Let (71", B) be a Banach representation of a Lie group G, and V a closed, G- 
invariant subspace of B. Then 

P(\)(<p + V)= J x\(k)(7r(k)p + V)dk, 

so that <p + V S (B/V)(X) implies ip G B(X). One therefore gets an epimorphism from 
(B/V)(X) onto B(X)/V(X) by setting ip + V h-> ^ + V(A). Since 7(A) C 7, this is clearly 
an isomorphism. Hence, (Bi/Bj)(X) ~ Bi(X)/Bj(X), where i < j. Let Z be the algebraic 
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complement of Bj{\) in Bj(A). Again, it suffices to consider the case M = W l . Then, by 
the preceeding lemma, 

k 

Bi(X)/Bj(X) ~ Z C0C'[R"] • e~ r2 
1=0 

for some k. Hence dim(Bi/ Bj)(\) < oo for all A <G K, as contended. □ 

Assume now that () is a Cartan-subalgebra of gc- Let <£> = $(gc,f)) be a root sys- 
tem with respect to (), g a — {X £ gc ■ — a(Y)X for all Y G f)} the root space 
corresponding to a G f)*, and <I> + a set of positive roots. As usual, we set 

n+ = £•<*> n ~ = B-«> b = t)©n+. 

a£4>+ aG4>+ 

Consider the underlying (g, if) -module V of Cq(M), and define for A 6 |* the corre- 
sponding weight space 

V x = W G 7> : cMA)^ = A(A)<^ for all X el)}. 

Note that ^(g^)?^ C Pa+q, and assume that Vo is not empty. 

Proposition 5. Let p ■ e~ r G Pa, a^rf pwi = dn(il(gc))p ■ e~ r , as well as V n + p = 
Sxen+ dTr(Hl(Qc)X)p ■ e~ r . Then V p /V n + tP is a highest weight module of weight A. 

Proof. By construction, dTr(n + )p ■ e~ r G V n + p , so that p ■ e~ r + V n + p is annihilated 
by n+ and therefore constitutes a highest weight vector. Since V p /V n +^ p is generated by 
p ■ e~ r ~ + V" n +.p as a it(gc)-module, the assertion follows. □ 

Let M(A) = il(flc) ®U(E>) be the Verma module of weight A given by the above root 
system. Then, by general theory J2J, we have the following corollary. 

Corollary 1. 1. V p /V n+iP = ck(U(tr))(p ■ e^ 2 + V n+iP ). 

2. V p /V n + p equals the algebraic direct sum of finite dimensional weight spaces. 

3. V p /V n + p has a central character. 

4- There exists precisely one g-homomorphism \& from M(A) onto V p /V n +^ p such that 
^{l®l)=p-e- r2 + V n +. p . 

Let us illustrate the above results by two examples. 

Example 1. Consider G = SL(2,R), K = SO(2), acting on M = R 2 by matrices, and 
denote by (tt, Co(K 2 )) the corresponding regular representation of G on the Banach space 
Co(M. 2 ). As a basis for g, take the matrices 





( 






f 






r l o \ 


ai = | 


v o 


; . 


(12 = ( 




) 

) ' 


03 = | 


v -1 ) 



Then t = Span R {ai — a 2 }. Let $(gc, t<c) = {0, a} be a root system of gc with respect to 
the Cartan subalgebra ?c, where a G t£ is defined by a(Y) = i(Yi2 — ^21)- Let $ + = {a}, 
so that = g± a = Span c {X^}, where X ± = a\ + a 2 T * a 3- Put H = a\ ~ a 2 . Consider 
in C[M 2 ] the polynomials 

(21) r 2 — m\ + m 2 , q± = mi ± im.2, 

as well as the identical polynomial 1. Let g denote the regular representation of G on 
21 , Setting d ± = d mi ±i d„ l2 , one computes 

dn(X ± ) = ±iq± d ± , dn(H) = mi <3 m2 — TO2 C* mi . 
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Since identical expressions hold for dg, one has dg(n + )q k v = 0, so that with respect to 6c, 
(dg, C fc [M 2 ]) constitutes a (fc + l)-dimensional, irreducible gc-module of highest weight 
ak/2 with highest weight vector q%_. The polynomials r 2k and q_ are of weight zero, 
respectively —ak/2. Define now in Co(M) the infinite dimensional, undecomposable 
subspaces 

Wt = dir(U( Qc ))e- r2 , W r 2 = dir(il( 2c ))r 2 ■ e~ r \ W q± = dn(ii( Qc ))q ± ■ e~ T \ 

They are (g, X)-modules in the sense of Harish-Chandra and Lepowsky, and by taking 
suitable subquotients one gets admissible (g, i^)-modules as well as and highest weight 
modules. Note that X + , X~ and H satisfy the the commutation relations of the com- 
plexification of s[(2,C), so that, in particular, [e?7r(X + ), dir{X~)] = —Ai dir(H). Since 
d7r(X ± ) : C'[R 2 ] • C'[M 2 ] • e" 1 " 2 © C'+ 2 [R 2 ] • maps V x into V\ ±a , we obtain 

for the (g, -fQ-module V — C[R 2 ] • e~ r the decomposition 

V = Wi®W r *® W q+ © W q ^ . 

Each of the summands is c?7r(il(gc))-invariant by construction, so that, by Theorem [3 
their closures must be 7r(G)-invariant. Since V is dense, we get for Co(R 2 ) a G-invariant 
decomposition according to 

C (M 2 ) = Wi © W r 2 © W q+ © W q _ 

into undecomposable closed subspaces, each of them having discrete reducing series. The 
representation (tt, Co(R 2 )) itself is not of finite K-type and therefore not admissible. 

Example 2. Consider again G = SL(2,R), K = SO(2), but now acting on M = g = 
s[(2, r) ~ R 3 via the adjoint representation of G. Explicitly, we have the identification 

ttt,^ ( rno mi + m.q \ 

R 3 m i — > X m = eg. 

y mi-m 3 -m 2 J 

Similarly, we write mx for the point in R 3 corresponding toXGg under this identifica- 
tion. Let (tt, Co(R 3 )) be the corresponding regular representation, and consider in C[R 3 ] 
the polynomials 

r 2 = to 2 + to 2 + mg, pq = det X m = —m\ — m\ + m\. 

If not stated otherwise, we continue with the notation of the previous example. Since 
(d/dh)(e hY m)\ h=a = m[ Y ,x m ] f° r ^Gfl, one computes, using @), 

dn(X ± ) = ±2i(m 3 d T +q T d m3 ), dn{H) = 2(m 2 d mi -mi d m2 ), 

as well as identical expressions for dg. Note that dg(X)po = for all X £ g, and 
dg(n + )p l G q k _ = 0, where l,k are non negative integers. Hence, defining in C fc [R 3 ] the 
finite dimensional subspaces 

V k > l = dg(!d( 0c ))lp l G q k _- 21 }, 21 <k, 

we get highest weight gc-modules of weight (k — 2l)a, see [2]. Since dim<C fe [R 3 ] = Ylj=i3 
and dimV h ' 1 — 2(fc — 21) + 1, one deduces that C fc [R 3 ] decomposes according to 

C fc [R 3 ] = V k '° © V M © • • • © V K[k,2] . 

If we therefore set W p = d7r(il(gc))p • e~' r2 , p £ C[R 3 ], one gets for V the decomposition 

OO OO 
V = PC [Wl © W ms © W r 2 +m 2 © Q (WgH © W qk _ ) 

1=0 k=l 
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into <i7r(il(gc))-invariant subspaces of analytic vectors for (n, Cq(U. 3 )), leading to a cor- 
responding decomposition of Co(K 3 ) into G-invariant subspaces. Consider further the 
smooth, afhne G- varieties N% = {m G R 3 : pq — (,}, where £ ^ 0, and the underlying 
(g, it)-modulc V[(;] = C[N/:} ■ e- r2 of C (N S ). One has C[7V e ] ~ C\R 3 ]/l Nv where 1 N( 
denotes the vanishing ideal of N%. Since is generated by the polynomial pa — £, one 
obtains in this case the decomposition 

oo 

V[i] = W 1 © W m3 © W r 2 +m 2 © (Wgk ®w qk _). 

fc=l 

Note that in this example neither V, nor V[£], are longer finitely generated as (q,K)- 
modules. 
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